Under strong shock loading, the pressure distribution in porous material is very complicated. We simulate such a system using a mesoscopic particle method. Morphological analysis is used to characterize the high pressure regimes defined by P ≥ P th , where P is the local pressure and P th a threshold value. The mean size of the voids embedded is about 10 µm. It is found that, the geometrical and topological properties of the high pressure regimes show high structure similarity S(t) and process similarity S P if the threshold P th , porosity ∆ and shock strength v 2 init are appropriately controlled. For dynamical similarities in the same material, when the shock becomes stronger, the required pressure threshold P th increases, but the increasing rate decreases; when the porosity becomes higher, P th has a wider spectrum. For the dynamical similarities in different materials, in a wide range, the required P th linearly decreases when the porosity ∆ becomes larger.
Introduction
Shock wave and explosion are extensively used in the industrial fields. The relevant materials are generally heterogeneous [1, 2] . Besides particulate ones [3] [4] [5] , porous materials have long been used to protect things from strong impacts. Although the scientific investigation has also a long history, most of the previous studies were focussed on some global behaviors, such as the Hugoniots [6] [7] [8] [9] [10] [11] [12] [13] and equations of state [14] [15] [16] . How the embedded mesoscopic structures influence the macroscopic response to shock waves is a highly concerned issue. Up until now it is still far from being well understood.
The main challenges in the field are several fold. From the experimental side, it is difficult to measure the details of very quick dynamical processes in the shock wave reaction procedure. Since being related to very strong nonlinearity and complex physical fields, the theoretical description of such a system is nearly impossible. So, numerical simulations play an indisplaceable role in better understanding shocked porous materials. From the simulation side, molecular dynamics [17] [18] [19] can help discover some fundamental mechanisms of dislocation creation and void collapse, etc., but the space and time scales it can access are too small to be comparable with experiments. To overcome the scale constraints, one solution is to develop some mesoscopic particle methods. In this respect, the Material-Point Method (MPM) [20] [21] [22] [23] [24] [25] has been proved a powerful tool. Compared with the Smoothed Particle Hydrodynamics (SPH) [26] , the MPM has a higher computational efficiency and numerical stability [23] . In this study, we use the MPM [27] to simulate shock wave reaction on porous materials.
The following issue is how to pick information from the complex physical fields. Besides the local mean values of state variables and their fluctuations [28] , Xu, et al. [29] introduced the Minkowski functionals to characterize the featured regimes within the shocked materials. Some studies based on the temperature pattern dynamics [30, 31] have been performed recently. Significant differences in shock wave responses have been found in porous aluminums [30] and porous HMX-like materials [31] . It should be stressed that the pressure field may show great difference from the field of temperature. Both the shock compression and plastic work make the temperature increase. With the increasing of shock strength and material porosity, the plastic work plays a more dominant role in increasing temperature. When rarefactive waves come, the pressure decreases while the temperature may increase. We could not get a clear picture of the pressure field from studies on temperature fields. In this work, we aim to investigate the macroscopic response of porous metal to shock waves from the view of pressure.
It is interesting to find universality and/or similarity in various dynamical systems. Such kind of information is very helpful for complete understanding of the material properties and material designs. In this respect, the morphological description presents a possibility. The following parts of the paper are organized as follows. Section 2 briefly introduces the material model. The mesoscopic particle method, material-point method, is reviewed in Section 3. Section 4 outlines the morphological characterization and define the dynamical similarities. Simulation results are presented and analyzed in Section 5. Section 6 concludes the present paper.
Material model
In our study the porous material is fabricated as a solid body embedded by a number of randomly distributed voids. The solid portion is assumed to follow an associative von Mises plasticity model with linear kinematic and isotropic hardening [28] . Introducing a linear isotropic elastic relation, the volumetric plastic strain is zero, leading to a deviatoric-volumetric decoupling. So, it is convenient to split the stress and strain tensors, σ and ε, as
Tr(σ), (1) 
Tr(ε), (2) where P is the pressure scalar, s the deviatoric stress tensor, and e the deviatoric strain. The strain e is generally decomposed as e = e e + e p , where e e and e p are the traceless elastic and plastic components, respectively. The material follows a linear elastic response until the von Mises yield criterion,
is reached, where σ Y is the plastic yield stress. The yield σ Y increases linearly with the second invariant of the plastic strain tensor e p , i.e.,
where σ Y 0 is the initial yield stress and E tan the tangential module. The deviatoric stress s is calculated by
where E is the Yang module and ν the Poisson ratio. Denote the initial material density and sound speed by ρ 0 and c 0 , respectively. The shock speed U s and the particle speed U p after the shock follows a linear relation, U s = c 0 + λU p , where λ is a characteristic coefficient of material.
The pressure P is calculated by using the Mie-Grüneissen equation of state which can be written as
, where P H , V H and E H are pressure, specific volume and energy on the Rankine-Hugoniot curve, respectively.
The relation between P H and V H can be estimated by experiments and be written as
where ρ 0 , V 0 are the initial density and specific volume of the solid material, c 0 the sound speed, λ the coefficient in Hugoniot velocity relation. Both the shock compression and the plastic work E − E H (V H ) cause the increasing of temperature. The increasing of temperature from shock compression can be calculated as
where c v is the specific heat. Eq. (7) can be derived from the thermal equation and the Mie-Grüneissen equation of state [28] . The increasing of temperature from plastic work can be calculated as
In this work the reference material is the metal aluminum. The corresponding parameters are as follows: density in solid portion ρ 0 = 2700 kg/m 3 , the Yang module E = 69 MPa, the Poisson ratio ν = 0.33, initial yield σ Y 0 = 120 MPa, tangential module E tan = 384 MPa, sound speed c 0 = 5.35 km/s, characteristic coefficient in the Hugoniot velocity relation λ = 1.34, specific heat c v = 880 J/(kg K), heat conduction coefficient k = 237 W/(m K), and Grüneissen coefficient γ = 1.96. The initial temperature of the material is 300 K.
Material-point method
As a mesoscopic particle method, the material-point method discretizes a material body as N p material particles. Each material particle carries the information of position x p , velocity v p , mass m p , density ρ p , stress tensor σ p , strain tensor ε p and all other internal state variables necessary for the constitutive model, where p is the index of particle. These Lagrangian particles track the deformation history of the material body. At each time step, the mass and velocities of the material particles are mapped onto the background computational mesh. The mapped momentum at node i is obtained by
, where N i is the element shape function and the nodal mass m i reads
Suppose that a computational mesh is constructed of eight-node cells for three-dimensional problems, then the shape function is defined as
where ξ , η, ς are the natural coordinates of the material particle in the cell along the x-, y-, and z-directions, respectively, ξ i , η i , ς i take corresponding nodal values ±1. The mass of each particle is equal and fixed, so the mass conservation equation, dρ/dt + ρ∇ · v = 0, is automatically satisfied. The momentum equation reads,
where ρ is the mass density, v the velocity, σ the stress tensor and b the body force. Eq. (10) is solved on a finite element mesh in a Lagrangian frame. Its weak form is
Since the continuum body is described by a group of material particles, the mass density can be written as ρ( into the weak form of the momentum equation converts the integral to the sums of quantities evaluated at the material particles, namely,
where the internal force vector is given by (12) with an explicit time integrator. The critical time step satisfying the stability conditions is the ratio of the smallest cell size to the wave speed. Once the motion equations are solved on the cell nodes, the new nodal values of acceleration are used to update the velocity of the material particles. The strain increment for each material particle is determined using the gradient of nodal basis function evaluated at the position of the material particle. The corresponding stress increment can be found from the constitutive model. The internal state variables can also be completely updated. The computational mesh may be the original one or a newly defined one, chosen for convenience, for the next time step. More details of the algorithm is referred to existing publications [23, 24, 27] .
The MPM can also be viewed as a special Lagrangian finite element method (FEM). In MPM it is the particles rather than the Gauss points that serve as the quadrature points. For small deformation problems, the MPM is equivalent to the FEM using Gauss points at the same locations as those of material points in each cell. The MPM has an advantage over traditional FEM in that the use of the regular grid eliminates the need for doing costly searches for contact surfaces. With the characteristics mentioned above, the MPM is a good choice for modeling impact problems which involve extremely large deformation.
Morphological description
Assume that Θ is a physical quantity being interesting to us, then the regions with Θ ≥ Θ th in the shocked porous material are referred to as characteristic regimes, where Θ th is a threshold value of Θ. For the morphological description [32] [33] [34] , the characteristic regimes are defined as white, other regimes are defined as black. For such Turing patterns, a general theorem of integral geometry states that all properties of a d-dimensional convex set which satisfy translational invariance and additivity (called morphological properties) are contained in d + 1 numerical values [33] .
For a two-dimensional map, the three Minkowski functionals correspond geometrically to the total fractional area A of the characteristic regimes, the boundary length L of the characteristic regimes per unit area, and the Euler characteristic χ per unit area (equivalent to the topological genus). When we increase the threshold contour-level Θ th from the smallest value of Θ to the maximum, the white area A will decrease from 1 to 0; the boundary length L first increases from 0, then arrives at a maximum value, finally decreases to 0 again. There are several ways to define the Euler characteristic χ. Two simplest one is χ = (N W − N B )/N, where N W (N B ) is the number of connected white (black) regimes, N is the total number of pixels. In contrast to the white area A and boundary length L, the Euler characteristic χ describes the connectivity of the characteristic regimes in the material. It describes the pattern in a purely topological way, i.e., without referring to any kind of metric. It is negative (positive) if many disconnected black (white) regimes dominate the image. A vanishing Euler characteristic indicates a highly connected structure with equal amount of black and white regimes. The ratio κ = χ /L describes the mean curvature of the boundary line separating black and white regimes. Despite having global meaning, the Euler characteristic χ can be calculated in a local way using the additivity relation [34] .
Among the three Minkowski functionals, the white area A is the only one which monotonically increases in the shock loading procedure and/or when the threshold value becomes smaller. For a given Θ th , its increasing rate roughly represents the propagation speed D of a compressive wave series. When the threshold value Θ th becomes larger, D decreases. The variations of A, L and χ with Θ th and time t represent a scenario for the shock response of porous material [29] .
In the three-dimensional space opened by the Minkowski functionals, A, L and χ, the geometrical and topological
properties of a pattern is denoted by a point. The distance between two points present information of similarity of the two corresponding patterns. Therefore, we can define the similarity as S = 1/d, where
is the distance between two points, (A 1 , L 1 , χ 1 ) and (A 2 , L 2 , χ 2 ) in the space opened by the Minkowski functionals. We denote the distance and similarity of two patterns at the same time t as d(t) and S(t), respectively; denote the distance and similarity of two processes during times t 1 and t 2 as d P and S P , respectively, where
Thus, the smaller the value of d P , the more similar the two processes.
Simulation results and physical interpretation
In our numerical experiments the porous body is fabricated by a solid material with an amount of voids randomly 1150 ns, 1300 ns and 1450 ns, respectively. The first two snapshots are for the shock loading procedure, from which one can observe the moving down of the upper free surface and moving up of the global compressive waves series. The third and fourth are for the unloading procedure, from which one can observe the moving downward of the global rarefactive wave and going up of the upper free surface. In the shock loading procedure, the compressive effects dominate. In the unloading procedure, the rarefactive effects dominate. The characteristic regimes under consideration in this work are the high pressure regimes.
To quantify and get a more complete understanding of the shock wave behavior shown in Fig. 1 , we show a set of morphological measures versus time in Fig. 2 , where the values of pressure threshold P th are shown in the legend. The unit is GPa. With the propagation of compressive wave series in the porous material, the area with high pressure increases. When the pressure threshold P th is small, the area A(P th ) increases nearly parabolically with time, then approach to a saturation value slowly, finally decreases with time. The decrease corresponds to the reflecting back of rarefactive waves from the upper free surface. By comparing the A(P th1 , t)-and A(P th2 , t)-curves, one can get information on the fraction of material particles with a pressure in the interval, P th1 < P < P th2 . Here P th1 < P th2 is assumed. For example, at the time t = 1000 ns, there are 76% material particles have a pressure higher than 5 GPa, 70% material particles have a pressure higher than 8 GPa, 51% material particles have a pressure higher than 10 GPa, 27% material particles have a pressure higher than 12 GPa, only 6% material particles have a pressure higher than 15 GPa. Therefore, there are 6% material particles have a pressure in between 5 GPa and 8 GPa, 19% material particles have a pressure in between 8 GPa and 10 GPa, 24% material particles have a pressure in between 10 GPa and 12 GPa, 21% material particles have a pressure in between 12 GPa and 15 GPa. The A(P th ) curves arrive at their maximum values at about t = 1250 ns. The unit is GPa.
When P th is small, under the shock strength with v init = 1300 m/s, nearly all the material particles scanned by the compressive waves get a pressure higher than P th . Therefore, the wave front is nearly a plane, which is similar to the case of uniform material. From Fig. 2 one can find that the boundary length L is small and nearly a constant for the pressure threshold P th = 1 GPa and P th = 5 GPa. During the shock loading procedure, the boundary length L first increases and then decreases with the increasing of P th . The former increase means that high pressure regimes changes from the initial global one to being scattered. The latter decrease means that the mean size of the high pressure regimes becomes smaller. Among cases shown in Fig. 2 , the case with P th = 10 GPa has the longest boundary length at the end of the shock loading procedure. The case with P th = 12 GPa has the longest boundary length during most part of the shock loading procedure. It is nearly linear with time.
When P th is very small, the values χ (t) keeps nearly zero, which corresponds to a good connectivity of the high and/or low pressure areas. For cases shown in Fig. 2 , the case with P th = 15 GPa has the largest χ (t), which shows a large quantity of scattered high pressure regimes embedded in the low pressure background; the case with P th = 8 GPa has the most negative χ (t), which shows a large quantity of scattered low pressure regimes embedded in the high pressure background. Roughly speaking, the value of χ (P th ) first decreases towards to be negative then increases towards to be positive, which shows the change of the topology of the pressure patterns.
The Minkowski functionals, A(t), L(t) and χ (t), describe the pattern from different aspects. To compare the geometrical and topological properties of high pressure regimes, one can present the Minkowski measures in the three-dimensional space opened by A(t), L(t) and χ (t). For example, the three plots in Fig. 2 can be presented as the one in Fig. 3. From Fig. 3 one can find that the curves for P th = 1 GPa and 5 GPa are closer, which means that the high pressure regimes for these two cases show high similarities.
Similarity in the same material: shock strength effects
In the shocked porous material, characteristic regimes are controlled by both the shock strength and porosity. It is interesting to know if the characteristic regimes show some similarities under different conditions. Such kind of information is helpful in practical applications and material designs.
We first consider dynamical processes occurred in the same material. For convenience of the description, each process is labeled by a pair of values, ''v init , P th ''. To compare the geometrical and topological properties of two processes, ''v init1 , P th1 '' and ''v init2 , P th2 '', we compute the process distance d P (or 1/S P ), between them in the shock loading procedures. If we fix the reference process, v init1 = 1300 m/s and P th1 = 10 GPa, compute the distance from it to processes with v init2 = 1500 m/s and various P th2 values, then we get the curve labeled by ''1500'' shown in Fig. 4(a) . In Fig. 4 , the horizontal axis shows the P th2 value in the shocking procedure with v init2 . The vertical axis shows the corresponding process distance 1/S P . The curve for v init2 = 1500 m/s has a minimum value at P th2 = 12.6 GPa, which means that the two dynamical processes, ''1300, 10'' and ''1500, 12.6'', behave in a very similar way. In the same manner, we can get the following information. The following pairs of processes, ''1300, 12'' and ''1500, 15. high pressure (P > P th ) are shown in yellow, others are shown in blue. Fig. 6 shows that the characteristic regimes vary with the shock strength and pressure threshold. Under different shock strengths, if select proper threshold values of pressure, we can get characteristic regimes with high similarities. After the above preparation, we can study more the dynamical similarities versus initial shock strengths. Fig. 7 shows two sets of curves for P th2 versus v 2 init2 . The porosity ∆ is fixed in each plot. ∆ = 0.01 in (a) and ∆ = 0.46 in (b). The values of P th1 for the case with v init1 = 1300 m/s are shown in the legends. The unit is GPa. Characteristic regimes and dynamical processes for all the (v init , P th ) pairs in the same curve show high similarities. Fig. 7 shows that, with the increasing of shock strength, one needs to increase the pressure threshold to obtain characteristic regimes or dynamic processes with high similarity. When the porosity is larger or the shock wave is stronger, the spectrum of P th2 becomes wider. The stronger the shock wave, the more pronounced the porosity effects.
Similarity in different materials: porosity effects
We continue to study the dynamical similarities versus porosity. For convenience of comparison, we fix the shock strength. In other words, the value of v init is fixed for a set of comparisons. Under the same shock strength, the resulted a b c d characteristic regimes for the same pressure threshold in materials with different porosities are generally different. However, those for different pressure thresholds may show similarities. For the convenience of description, we label a pattern evolution process by a pair of values, (∆, P th ). Now we study the dynamical similarities in two different materials. The first has the porosity ∆ 1 = 0.091, the second has the porosity ∆ 2 = 0.01. If we choose a series of values for P th1 , pick out the P th2 values where the process distance d P takes the minimum value, we get the curve labeled by ''0.010'' in Fig. 8 . This curve can be roughly divided into three segments, 18 GPa ≤ P th1 ≤ 23 GPa, 23 GPa ≤ P th1 ≤ 30 GPa, 30 GPa ≤ P th1 ≤ 35 GPa. The second segment is nearly a platform. The slope in the third segment is larger than that in the first. With the increasing of the porosity ∆ 2 , the global slope of the P th2 (P th1 ) curve increases and the curve becomes closer to being linear. When ∆ 2 approaches the same value of ∆ 1 , the P th2 (P th1 ) curve becomes linear with a slope of π /4. When the porosity ∆ 2 is increased to be significantly larger than ∆ 1 , all the P th2 values shown in Fig. 8 are smaller than those of P th1 . If the porosity ∆ 2 further to increase, the value of P th2 further to decrease.
If we fix the reference procedure, ''∆ 1 = 0.09, P th1 = 20'', pick out the pairs of ''∆ 2 , P th2 '' which present similar pressure pattern dynamics to have a plot in linear-linear scale, we get the curve labeled by ''20'' in Fig. 9 . The curve is almost linear. Curves for other P th1 values, 19, 21, 22, 23 , are also shown. The unit is GPa. It is clear that, there is an interval of P th1 for a fixed porosity ∆ 1 . For each P th1 value within this interval, there exists a range where the pressure threshold P th2 nearly linearly decreases when the porosity ∆ 2 becomes larger. When the value of P th1 becomes higher, the interval of linear P th2 (∆ 2 ) moves towards larger values. It should be stressed that, when the porosity difference of two materials becomes larger, the structure and process similarities decrease.
Conclusion
Shock wave reaction results in various characteristic regimes in porous materials. Based on an associative von Mises plasticity model with linear kinematic and isotropic hardening, via numerical simulation and morphological analysis, dynamical properties of pressure fields are studied. The pressure pattern dynamics in shocked porous materials shows high similarities if the pressure threshold, porosity and shock strength are controlled in a reasonable way. For dynamical similarities in the same material, when the shock wave becomes stronger, the required pressure threshold increases, but the increasing rate decreases; when the porosity becomes higher, the required pressure threshold has a wider spectrum. For the dynamical similarities in different materials, in a wide range, the required pressure threshold nearly linearly decreases when the porosity becomes larger. Other kinds of characteristic regimes, like those with high particle speed, high deviatoric stresses, etc., can be studied in a similar manner. These studies are to each other for obtaining a complete understanding on the dynamics and thermodynamics of shocked porous materials.
